Abstract: Nanophotonic structures enabling the engineering of linear dispersion are often exploited for nonlinear processing. However, the dispersion of the nonlinear response has been generally overlooked, also because of the difficulty of accurately taking this effect into account. Here, we first show the necessity of considering the nonlinear dispersion and then propose a simplified approach through which the modeling can be performed. As an example, we consider waveguides in which a large group index and low group velocity dispersion are achieved at the same time by modifying a single design parameter, i.e., an asymmetric translation of the hole rows closest to the core. It is shown that the dependence on the wavelength of the normalized Bloch mode overlap integrals for self-phase modulation (SPM) can be interpolated by a four-parameter formula that is similar to the Morse potential. The parameters can be related to specific properties of the nonlinear SPM coefficient, which in the specific case depends on the translation parameter, by simple linear and exponential functions. Cross-phase modulation and four-wave mixing coefficients can then be derived from the self-phase one, through a geometric mean, slightly corrected to account for the interacting wave detuning, and the complete modeling of nonlinear dispersion is achieved.
Introduction
The enhancement of the nonlinearities is a key target to obtain on-chip nonlinear photonic devices. From the pioneer nonlinear experiment in bulk optics [1] , the first step was to recognize the crucial role of waveguides [2] , which enable to maintain a large electromagnetic field intensity over long distances. On this regard nonlinear fiber optics represented a major field of research, in which several nonlinear effects have been observed and exploited [3] . The main drawback of nonlinear fiber optics is that silica intrinsic nonlinearity is weak ðn 2 ' 3 Á 10 À20 m 2 =WÞ. Therefore, at reasonable power levels (few watts), long fibers (a few kilometers or more) are needed to achieve the desired accumulated nonlinear effect. Highly nonlinear glasses, like Bismuth [4] or Tellurium oxides [5] , or chalcolgenide [6] can be used to reduce the required length down to few meters. However, those glasses are particularly fragile, have a large refractive index and a low melting point temperature, so nonsilica fibers are difficult to splice to silica ones. Finally, they also present losses and dispersion larger than for silica at 1.55 m. Dispersion must be compensated by designing photonic crystal (PhC) fibers [5] or nanowires [7] , the latter solution further enhancing the confinement and, thus, the nonlinearity [8] .
Planar waveguides also present tight light confinement and large nonlinear refractive indices, in particular by using semiconductors like silicon ðn 2 ' 3 Á 10 À17 m 2 =WÞ or III-V alloys (e.g., n 2 ' 10 À17 m 2 =W AlGaAs) and in synergy with the PhC technology which enables a flexible control of the dispersive properties [9] . In particular, by the proper choice of the III-V alloy linear absorption can be made negligible and the nonlinear two-photon absorption can be minimized at ¼ 1:55 m [10] . Eventually, the major contributions to losses stem from disorder and roughness induced scattering [11] and mode coupling. However, let us remark that with the state-of-the-art e-beam processing of membrane PhCW in III-V materials and well designed mode adapters, the total insertion losses for mm-long waveguides have been reduced well below 10 dB [12] .
The manipulation of dispersion has been shown to play a key role to further enhance the nonlinearity of waveguides, to compensate for the reduced device length in comparison with fibers. In fact, PhC technology enables to design waveguides with very large values of the group index, but small group velocity dispersion (GVD) [13] , [14] , i.e., to achieve propagation in slow Bloch modes [9] . In PhC structures, the reduction of the electromagnetic energy velocity, which is peculiar to the slow mode propagation [15] , [16] , has dramatic effects in the enhancement of nonlinearities [17] , [18] . This mechanism is now clearly demonstrated for many effects like self-phase modulation (SPM) [19] - [22] , stimulated Raman scattering [23] , [24] , third-harmonic generation [25] , cross-phase modulation (XPM) [26] , four-wave mixing (FWM) [27] - [32] , and temporal soliton propagation [33] .
FWM is a particularly interesting phenomenon, both from the practical and theoretical viewpoints. In practical applications, FWM in slow mode engineered PhC waveguides is enabling high bit rate optical switching on a chip scale [34] , [35] . From the theoretical viewpoint in FWM the interaction is very rich because several nonlinear effects (SPM, XPM, and FWM) must be accounted for to determine the phase-matching condition and the gain. Thus, an accurate calculation of the nonlinear coefficients requires the evaluation of the nonlinear tensor products and the normalized overlap integrals of the Bloch mode at all the wavelengths involved in the interaction [29] .
Eventually, the results of [29] highlight that the dispersion of the nonlinear response must be taken into account to correctly model nonlinear phenomena in PhCWs. This is a difficult issue to deal with, and it has been generally overlooked in the literature of PhCWs and of nanophotonics in general. In PhC fibers, the weak frequency dependence of the fiber effective area has lead to identify shock terms in the propagation equation, with very important consequences in supercontinuum generation [36] . A similar approach, which is based on considering the first order Taylor expansion of the nonlinear response [3] , has been proposed to derive propagation equations for short pulses also in PhCW [21] and in nanophotonics structures [37] . However, the expansion approach is a good approximation only over the bandwidth in which nonlinear response varies linearly with frequency.
In [9] , the dispersion of the nonlinearity was calculated for a waveguide, in which the group index increases monotonically with the wavelength. In that case the nonlinear coefficients also tend to increase monotonically, however, it was remarked [29] that two contributions can be recognized in the coefficients. The first is the slowing down enhancement factor that scales with a weighted geometric mean of the group indexes at the wavelengths of the interacting waves (one, two of four, respectively, for SPM, XPM and FWM). A good approximation of this term is simply given by the square of the group index [27] . The second contribution is due to slow Bloch mode reshaping [11] that in the waveguide considered in [29] causes the mode to spread into the hole region by increasing the wavelength. For this contribution, there is no approximate formulation, to the best of our knowledge.
The modeling on nonlinear dispersion becomes even more necessary when the previously mentioned engineered PhCWs [13] , [14] are used. In those PhCWs, the Bloch mode is subject to strong wavelength dependent reshaping [11] ; therefore, the various nonlinear coefficients are also strongly wavelength dependent (e.g., see Fig. 2(b) , which reports an example of the calculated I SPM ).
The scopes of this work are 1) to highlight that the dispersion of the nonlinear response cannot be neglected in slow mode engineered PhCWs and 2) to provide a simple approach to the modeling of such nonlinear dispersion beyond the evident, but time consuming, full calculation of the nonlinear coefficient at all wavelengths. The explicit functional dependence of the nonlinear coefficients is based on a reduced set of fitting parameters that can be related to specific properties of the nonlinear SPM coefficient. Our approach also presents the advantage to be apt to fit experimental data and to connect SPM, XPM, and FWM measurements on the same waveguide. Though the procedure is applied to a specific case of a PhCW, the approach is general and in fact we apply it here also to waveguides in which no dispersion engineering is present. Eventually, since the approach is based only on the PhCW mode properties, it can also be applied to different materials, like silicon, where the dispersion of the nonlinear absorption can be also determined in the same way.
Design of the Slow Mode Engineered Structures
There are several receipts to achieve PhCWs properly engineered for FWM, e.g., [13] and [14] . Typically in PhCWs, dispersion engineering has been demonstrated by optimizing the coupling of two waveguides [38] or by coupling the fundamental mode to the substrate mode [39] . As an example and without loss of generality, we consider a 2-D PhCW structure that has been recently proposed by Colman et al. [40] , whose relevant properties are summarized as follows. The waveguides dispersive properties are designed during sample manufacturing by applying an asymmetric translation of the innermost air-holes rows, on opposite directions on each side of the PhCW, by an amount T (see Fig. 1 ). In this way, the fundamental even mode couples to an odd mode, and the slow mode propagation (large group index and low GVD) is achieved. The advantage of this design is that tailoring of linear and nonlinear dispersion is achieved with only control parameter T . The resulting Bloch mode (a quasi-even mode) is well confined, thus fostering nonlinear effects.
The results that will be presented here refer to a GaInP, membrane PhCW having the air holes in a triangular lattice with parameters a ¼ 465 nm (crystal period), d ¼ 0:48 a (hole diameter), and h ¼ 190 nm (slab height). The air holes of the innermost row have a diameter d 1 ¼ 0:42 a and are shifted outward by 0:15 a. All the properties (modes, group indexes etc.) have been calculated through a full vectorial analysis with the MPB code [42] ; for example, the group index n g is shown in Fig. 2 (a) for different structures with T =a ¼ 0; 0:05; 0:10; 0:15; 0:20. By tuning T , a broad spectrum (9 30 nm), where the group index is almost constant, can be achieved, similarly to previous results [13] , [30] .
Scaling Rules for the Effective Field Overlap Integrals: SPM
The nonlinear effective coefficients for SPM, XPM, and FWM have been accurately derived from Maxwell equations in [29] ; the formulas are recalled in the Appendix. Though the full formulation is rather elaborate, all the coefficients (i.e., SPM, XPM, and FWM for a wave at wavelength 1 ) can be cast in the same form, which highlights three contributions
ðeff ¼ SPM, XPM, FWMÞ. The first term accounts for the dependence on the bulk Kerr nonlinear coefficient ðn 2 Þ. The second term S eff is the slow mode enhancement factor due to the reduction of the energy velocity, which is given by a weighted geometric mean of the group indices of the four waves (! 1 ; ! 2 ; ! 3 ; ! 4 , where ! 1 ¼ 2c 0 = 1 ), which are interacting through the nonlinear tensor ð3Þ ðr; 
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Finally, the term I eff has physical units of m À3 and it can be interpreted as the reciprocal of an effective volume for the relative nonlinear interaction (or equivalently 1=ðaI eff Þ is a mean effective area [37] ). The value of I eff is actually calculated as a normalized integral that accounts for the overlap of the Bloch mode field distribution at different wavelengths
where the normalization factors defined by
account for the energy storage capacity of the Bloch mode at frequency ! i ðe i ; h i Þ. In (3) D is the frequency degeneracy factor, which represents the number of possible distinct permutations of the last three frequencies in the tensor argument [41] (D ¼ 3 for SPM and D ¼ 6 for XPM and FWM). It is very onerous to determine I eff numerically since the vectorial mode field must be determined at all the frequencies that are involved in the FWM interaction. Note also that, with the exception of the SPM coefficients that are uniquely defined once the wavelength 1 is fixed (in fact ! i ¼ ! 1 , i ¼ 2; 3; 4), the XPM coefficients depend on another frequency and the FWM coefficients on three more frequencies (see (13) - (15) for details). Therefore, to determine the FWM propagation equations [29, eq. (8) ] for a fixed quadruple of waves, four SPM coefficients, six XPM coefficients, and one FWM coefficient must be calculated. By changing the four interacting waves all coefficients must be calculated again.
In Fig. 2(b) , the numerically calculated [42] overlap integrals I SPM , for the structure defined in the previous section, are shown for T =a ¼ 0; 0:05; 0:10; 0:15; 0:20. Remarkably the wavelength dependence shows a very similar behavior, for all PhCW structures obtained by varying the translation parameter. It is also very important to remark that simulations have been realized by slightly changing the other design parameters ða; h; d ; d 1 Þ, but in all cases, the wavelength dependence remains very similar to that presented in Fig. 2(b) .
From the plots of Fig. 2(b) , we observe that the function I SPM ð 1 Þ bears a similarity to the Morse potential for diatomic molecules [43] . Then, a fitting function of that type has been applied to the calculated data
where A, B, C, and 0 are the fitting parameters to be determined. By using the fitting (5) and minimizing the mean squared error, the SPM effective nonlinear coefficient (1) has been evaluated, compared with the full MPB vectorial calculation, and the relative error at each point of the calculation has been obtained. As an example of our study, we present the results for T ¼ 0 and T ¼ 0:10 a in Fig. 3(a) and (b) , respectively. In those figures, the red points represent the fitting curve and blue curves are the data from the full calculations. The estimated relative error at each wavelength is presented in Fig. 4 . The relative errors for T =a 2 ½0; 0:2 get to a maximum of 6%, a value certainly much smaller than the uncertainties occurring in experiments.
The values of the fitting parameters A, B, C change consistently by modifying the geometrical parameter T , as shown in Fig. 5 . Observing the same figure, it is clear that the parameters B and C scale almost linearly with T =a, while the dependence of A on T =a is found to be closer to a double exponential. Therefore, to the aim of fully fitting these engineered structures with simple functions, the fitting parameters have been also interpolated by
The coefficients corresponding to the structure defined in the previous section are: a 1 Fig. 6 , we present a comparison of the average relative errors for each calculated case using the fitting (5) without (blue bars) and with (red bars) (6) and (7) . The average relative error increases (ranging from 3% to 9%) but it is still limited and comparable to the uncertainties in experimental measurements. Similar results have been obtained by slightly changing the other design parameters ða; h; d ; d 1 Þ. Therefore, the set of fitting functions (5)-(7) provides a general approach to determine the dispersion of the normalized field overlap integral for the SPM effective nonlinear coefficient in the engineered PhCWs.
An explanation of the different roles, and an interpretation of the physical effects related to the variation of the parameters 0 , A, B, C can be grasped by recalling the properties of the Morse potential [43] .
The parameter 0 is the wavelength of the minimum [43] of (5) and thus represents the wavelength at which the quasi-even Bloch mode is maximally spread into the holes. From Fig. 2(b) , it can be noticed that 0 slightly shifts with T ; nonetheless, we fix it to the constant value 0 ¼ 1:5405 m that yields the best fitting over the entire range of T . It is interesting to observe that 0 values are also very close to a zero dispersion wavelength (ZDW) of the structure, at least for the largest values of T for which such ZDW exists. In fact, for T small (e.g., T ¼ 0) there is no ZDW and this means that there is no general physical correspondence between 0 and the ZDW. Nonetheless, it can be useful to use the ZDW for large T as a first guess for starting a fitting procedure.
The parameter A sets the depth of the potential well [43] ; in this case, since it is directly proportional to I SPM , i.e., the reciprocal of the volume integral, A gives the measure of the maximum change of the overlap integral due to Bloch mode field reshaping.
As for B, it is inversely proportional to the width of well [43] ; the fact that this parameter increases linearly with T means that by increasing the coupling between the even and the odd mode [40] , the resulting quasi-even field mode distribution tends to changes more rapidly with wavelength.
Finally, C contributes to set the value of the overlap integral when the dispersive effects are no longer present. Note that this term is actually in competition with A, the latter being the dominant one. Finally, let us remark that the fitting function does not yield correct values for 1 G 1530 nm but that bandwidth is not of interest because the group index and thus the nonlinearity are small. Fig. 6 . Comparison of the average relative errors in estimating SPM by using the empirical (5) with numerically calculated parameters (blue bars) and with the fitting (6) and (7) (red bars). 
Scaling Rules for the Effective Field Overlap Integrals: XPM and FWM
In order to get an accurate description of the FWM interaction, it is fundamental to deduce the dispersion also for the XPM and FWM effective nonlinear coefficients, since they contribute to define the phase matching and the gain coefficient [29] . In Fig. 7 , the overlap integrals I XPM and I FWM , calculated with a full vectorial simulation, are shown. In the calculation the first wave (pump 1) has wavelength 1 ; the second wave (pump 2) has wavelength 2 ¼ 1 þ Á, with Á that assumes three values in our simulations: 1 nm, 4 nm, and 8 nm. The remaining two waves are determined according to photon energy conservation
, which also results from the experiments [28] . In Fig. 7 , the calculated integrals (six for XPM and one for FWM) are presented only as a function of the wavelength 1 . From Fig. 7 , it can be observed that I XPM is much more sensitive to wave detuning than I FWM . This can be expected because an averaging among Bloch mode field distribution is performed by calculating the overlap integrals and this operation tends to smooth wavelength dependent differences. The FWM term entails the calculation of a volume integral involving all four waves field distribution, while the XPM term involves only pairs of waves; therefore, the latter is more sensitive to detuning. Eventually, it must be noticed that the normalization factors (4) appear in (3) through the same weighted geometric mean used for group indexes in the slow mode enhancement factor (2) .
Hence, guided by the previous remarks, two simple fitting functions, depending on detuning, that enable obtaining I eff ðeff ¼ XPM, FWMÞ from I SPM have been determined
where F ¼ 0:0025 nm À1 , and N ¼ ji À jj. The denominators in (8) and (9) take into account that the geometric mean of SPM integrals is not the best approximation to determine the corresponding XPM and FWM terms, because the tensor in each overlap integral is actually different for each type of interaction, and it also depends on the detuning. By using scaling rules (8) and (9), we have eventually estimated the nonlinear coefficients for XPM and FWM for detunings up to 8 nm. The fitting results are presented and compared with the full vectorial MPB solutions for Á ¼ 6 nm in Fig. 8 , and the corresponding interpolation errors for XPM and FWM are plotted in Fig. 9 . The quality of the fitting is very good: for both the XPM and the FWM nonlinear coefficients, the error is always smaller then 8%. 
Conclusion
Semiconductor PhC waveguides are very efficient devices for nonlinear optics. The low loss and strong light confinement in a highly nonlinear material, the proper engineering of slow mode, low dispersion waveguides lead to a dramatic increase of the nonlinearity.
Here, we first highlighted the existence of a strong nonlinear dispersion that must be estimated to model correctly the nonlinear interactions and then provided a simplified approach to deal with it. In fact, all nonlinear coefficients can be cast in the same form, evidencing the contributions of the material nonlinearity, of the enhancement due to energy velocity decrease, and of a normalized overlap integral.
The normalized overlap integrals present a strong contribution to nonlinear dispersion due to the wavelength dependence of the Bloch slow mode. In principle, to obtain this dependence, the full vectorial field must be first obtained, and then, several volume integrals must be calculated.
Here, a set of equations, identified by four parameters, is found to fit very well the numerically calculated SPM overlap integrals. The parameters are related to specific properties of the overlap integrals and so can be easily identified in any structure. As for the XPM and FWM nonlinear coefficients, they can be determined by taking a geometric mean of the self-phase coefficients, with a wavelength dependent linear correction accounting for the wave detuning.
The fitting rules of field effective integral are valid for various structures, including those in which dispersion is not engineered. Therefore, they are general and can be applied to model nonlinear dispersion of PhC structures. A few examples have been shown, and the estimated errors are smaller than experimental uncertainties. Eventually, formulas can be also exploited to relate different effective nonlinear coefficients, to derive nonlinear dispersion from a reduced set of measurements, or to model propagation of short pulses. where the normalized field overlap integrals are defined by 
where the summations over the indexes m, n, o, and p are made on all possible values of the coordinate axes fx ; y ; zg, and D is the frequency degeneracy factor.
